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Longest Common Subsequence

» Given two sequences X = (x1,x2, ..., Xm) of length m and
Y = {(y1,¥2,...,¥n) of length n

» Z={(z,2,...,2k) is a common subsequence of X and Y if
Z is a subsequence of both X and Y

> Z is a Longest common subsequence of X and Y if X and Y
have no common subsequence of length greater then Z

» ith prefix of X is X; = (x1,x2,...,x;) for i =0,1,....,m
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Step 1: Characterizing a longest common subsequence

» Let X = (x1,x2,...,xm) and Y = (y1,y2,...,¥n) be two
sequences, and let Z = (z1, zp, ..., 2x) be any LCS of X and
Y.

» Optimal substructure of an LCS

» If x,, = y, then zx = xp, = y, and Z,_q is an LCS of X,,_1
and Yn—l

» If X # yn then zx # xp, implies that Z is an LCS of X1
and Y

» If x; # yn then zx # y, implies that Z is an LCS of X and
Ynfl
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Step 2: A recursive solution

>
>
>

In step 1 there are two cases:
Case 1: if x;; = yp then find the LCS of X,;,—1 and Y,_1

Appending x, to LCS of X,,,—1 and Y,_1 gives LCS of X and
Y

Case 2: if x;, # y, then solve two sub-problems: find LCS of
Xm—1 and Y and find LCS of X and Y,_1

Longer of these two LCS will be the LCS of X and Y

Let c[/,] is the length of an LCS of the sequences X; and Y;
If either of two sequences is empty i.e. i =0 or j = 0 then
LCS will be of length zero that is c[i,j] =0

Recursive solution will be

0 ifi=0o0rj=0
cli,jl=<cli-1,j-1+1 ifi,j>Oandx,-:yJ-A
max(c[i,j —1],¢c[i —1,j]) ifi,j>0and x; #y;
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Step 3: Computing the length of an LCS |

» Let X = (x1,x2,...,Xm) and Y = (y1,¥2,...,yn) be two
sequences, and let Z = (z1, 2, ..., zx) be any LCS of X and
Y.

» Let Table c[i,j] to store the length of an LCS of the
sequences X; and Y;

> c[0...m,0...n]

» Let Table b[i, ] to store the direction of the flow of length of
LCS to construct an optimal solution

> b[l...m,1...n]
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Step 3: Computing the length of an LCS Il

Bottom-up Approach
LCS-LENGTH(X, Y)

. m = length(X)
n = length(Y)

. Let c[0...m,0...n] and b[1...m,1...n] two new tables

—

fori=1tom
c[i,0] =0//Y is empty
.forj=1ton
c[0,j] =0//X is empty
fori=1tom

© © N oA W N

forj=1ton

[ay
©

if x;i =y
cli,jl=cli—-1,j—-1]+1

—_
—_

Dr. A K Yadav Algorithms Design and Analysis 6/1



Step 3: Computing the length of an LCS Il

12. bli, j] ="\,

13. else if c[i — 1,j] > c[i,j —1]
14. cli,jl = cli—1,]]

15. bli, j] =1

16. else

17. cli,j] = cli,j — 1]

18. bli, j] =+

19. return ¢, b

Length of the LCS is c[m,n]
Complexity of the algorithm is ©(mn)
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Step 3: Computing the length of an LCS IV

Top-down Approach:
MEMOIZED-LCS(X, Y, m, n)

1. Let c[0...m,0...n]

2. fori=0tom

3. forj=0ton

4 cli,j]=0

5. return LCS(X, Y, c, b, m, n)
LCS(X,Y,c,b,i,j)

1. if c[i,j] >0

2. return c[i,]]

3. ifx; =y
4. cli,j]=LCS(X,Y,c,b,i—1,j—1]+1
5 bli,j]=N
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Step 3: Computing the length of an LCS V

6. else if LCS(X, Y, c,b,i—1,j) > LCS(X,Y,c, b,i,j—1)
7. cli,j]=LCS(X,Y,c, b,i—1,]))

8. blij]=1
9. else

10.  c[i,j] = LCS(X,Y,c,b,i,j—1)

11, b[i,j] =«
12. return c[i, j]
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Step 4: Constructing an LCS |

» Step 3 calculates c[i,j] and bl[i, ]

» c[i, ] gives the length of LCS of X; and Y;

» b[i,j] tells from where we calculated c[i, ]

» X shows that x; = y; and part of LCS

» 1 shows that c[i — 1,/] > c[i,j — 1]

» <« shows that c[i,j — 1] > ¢[i — 1, /]

» call PRINT-LCS(b, X, m, n)
PRINT-LCS(b, X, i, )

1.ifi=0o0rj=0

2. return

3.0 b[i, j] =\

4. PRINT-LCS(b, X,i—1,j—1)
5. print x;
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Step 4: Constructing an LCS I

6. else if b[i,j] =1
7. PRINT-LCS(b, X,i—1,j)
8. else
9.  PRINT-LCS(b, X,i,j—1)
Complexity of the algorithm is ©(m + n)
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Please send your feedback or any queries to akyadavl@amity.edu,
akyadav@akyadav.in or contact me on +91 9911375598
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